Nuclear matter and compact neutron stars are studied in the framework of the non-linear derivative (NLD) model which accounts for the momentum dependence of relativistic mean-fields. The generalized form of the energy-momentum tensor is derived which allows to consider different forms of the regulator functions in the NLD Lagrangian. The thermodynamic consistency of the NLD model is demonstrated for arbitrary choice of the regulator functions. The NLD approach describes the bulk properties of the nuclear matter and compares well with microscopic calculations and Dirac phenomenology. We further study the high density domain of the nuclear equation of state (EoS) relevant for the matter in β-equilibrium inside neutron stars. It is shown that the low density constraints imposed on the nuclear EoS and by the momentum dependence of the Schrödinger-equivalent optical potential lead to a maximum mass of the neutron stars around M ≃ 2M⊙ which accommodates the observed mass of the J1614-2230 millisecond radio pulsar.
I. INTRODUCTION
Relativistic hadrodynamics (RHD) of interacting nucleons and mesons provide a simple and successful tool for the theoretical description of different nuclear systems such as nuclear matter, finite nuclei, heavy-ion collisions and compact neutron stars [1] . Starting from the pioneering work of Duerr [2] , simple RHD Lagrangians have been introduced [3, 4] and since then many different extensions of RHD approach, which rely on relativistic mean-field (RMF) approximation, have been developed. They describe the saturation mechanism in nuclear matter and generate a natural mechanism for the strong spin-orbit force in nuclei. An energy dependence of the Schrödinger-equivalent optical potential [5, 6] is thereby included as a consequence of a relativistic description. However, when using the standard RHD Lagrangian in RMF approximation, the nucleon selfenergies become simple functions of density only, and do not depend explicitly on momentum of the nucleon. As a consequence a linear energy dependence of the Schrödinger-equivalent optical potential with a divergent behavior at high energies arises [7] . This wellknown feature contradicts Dirac phenomenology [5, 6, 8] .
To solve this issue one may go beyond the mean-field approximation in a quantum field theoretical framework by a systematic diagrammatic expansion of nucleon selfenergies. For instance, in Dirac-Brueckner-Hartree-Fock (DBHF) [9] [10] [11] calculations the nucleon selfenergies indeed depend on both the density and single particle momentum. They reproduce the empirical saturation point of nuclear matter as well as the energy dependence of the optical potential at low energies. However, the DBHF approach has its apparent limitations at high energies and densities relevant, for instance, in heavy-ion collisions where its application within transport theory turns out to be intricate [12, 13] . Also the thermodynamic consistency of the DBHF calculations is not obvious [14] .
As an alternative approach to ab-initio DBHF calculations for the nuclear many-body systems a phenomenological treatment of the problem in the spirit of the RMF approximation is still considered as a powerful tool. However, the simple Lagrangian of RHD [3, 4] has to be further modified for a quantitative description of static nuclear systems such as nuclear matter and/or finite nuclei. Therefore, it is mandatory to introduce new terms, e.g., including non-linear self interactions of the scalar [15] and/or vector [16] meson fields, or to modify existing contributions in the Lagrangian, e.g., introducing density dependent meson-nucleon couplings [17] [18] [19] . The model parameters have to be then fitted to properties of nuclear matter and/or atomic nuclei, since, they cannot be derived in a simple manner from a microscopic description.
The momentum dependence of in-medium interactions becomes particularly important in description of nuclear collision dynamics such as heavy-ion collisions. Indeed, analyses of proton-nucleus scattering data [5, 6] show that the protonnucleus optical potential starts to level off already at incident energies of about 300 MeV. Thus, other RMF approaches have been developed by including additional non-local contributions, i.e., by introducing Fock-terms, on the level of the RMF selfenergies leading to a density and momentum dependent interactions [7] . However, such a treatment is not covariant and also its numerical realization in actual transport calculations is rather difficult [7] . Another approach has been proposed in [20] and more recently in [21, 22] by introducing higher order derivative couplings in the Lagrangian of RHD. In Ref. [20] such gradient terms have been studied with the conclusion of a softening of the nuclear EoS. In another study of Ref. [22] both the density dependence of the nuclear EoS and the energy dependence of the optical potential have been investigated. While the modified interactions of meson fields with nucleons explain the empirical energy dependence of the optical potential, a stiff EoS at high densities results from an introduction of an explicit density dependence of the nucleonmeson couplings with additional parameters. The impact of momentum dependent RMF models on nuclear matter bulk properties and particularly on the high density domain of EoS relevant for neutron stars is presently less understood.
The purpose of the present work is to develop a relativistic and thermodynamically consistent RMF model, which provides the correct momentum dependence of the nucleon selfenergies and agrees well with available empirical information on nuclear matter ground state, in a self consistent Lagrangian framework. Some steps in this direction have been already done in Refs. [23] [24] [25] where the concept of non-linear derivative meson-nucleon Lagrangian has been introduced. However, the calculations of Refs. [23] [24] [25] were based on a particular exponential form of the regulators in the RHD Lagrangian and a detailed study of nuclear matter ground state properties has not been done. In the present work the generalized form of the energy-momentum tensor in the NLD model is derived and allows to consider different regulator functions in the Lagrangian. The thermodynamic consistency of the NLD model is demonstrated for arbitrary choice of the regulators. A thorough study of the properties of nuclear matter around saturation density is further performed. The model describes the bulk properties of the nuclear matter and compares well with microscopic calculations and Dirac phenomenology. We also investigate the high density region of the NLD EoS relevant for the neutron stars. It is found that the low density constraints imposed on the nuclear matter EoS and by the momentum dependence of the Schrödinger-equivalent optical potential lead to a maximum mass of the neutron stars around M ≃ 2M ⊙ . It is demonstrated that the high density pressure-density diagram as extracted from astrophysical measurements [26, 27] can be well described with nucleonic degrees of freedom only.
II. FIELD THEORY WITH HIGHER DERIVATIVES
The non-linear derivative (NLD) model is based on a fieldtheoretical formalism which accounts for the higher-order derivative interactions in the RHD Lagrangian. As a consequence, the conventional RHD mean-field theory based on minimal interaction Lagrangians has to be extended to the case of higher-order non-linear derivative functionals.
For that purpose we consider the most general structure of a Lagrangian density L with higher-order field derivatives, i.e.
where it is supposed that L has continuous derivatives up to order n with respect to all its arguments, that is
where α i is a four index and x denotes the coordinates in Minkowski space. The order n can be a finite number or n → ∞. The subscript r denotes different fields, for instance, in the case of the spinor fields one would have ϕ 1 = Ψ and ϕ 2 = Ψ.
The derivation of the generalized Euler-Lagrange equations of motion follows from the variation principle for the action S = d 4 xL(x) with the Lagrangian of Eq. (1), where one considers ϕ r , ∂ α1 ϕ r , ∂ α1 ∂ α2 ϕ r , · · · , ∂ α1 · · · ∂ αn ϕ r as independent generalized coordinates. The Euler-Lagrange equations are obtained from principle of least action
where δS is given by
and is obtained by the variation of the generalized coordinates
with vanishing contributions on the surface of the integration volume as the boundary condition. The variation of the Lagrangian density with respect to all degrees of freedom reads
As a next step one inserts Eq. (5) 
up to 4-divergence terms, which by Gauss law do not contribute to the action in Eq. (3). Thus, one arrives to the following generalized Euler-Lagrange equation
The Noether theorem follows from invariance principles of the Lagrangian density, Eq. (1), with respect to infinitesimal variations of the generalized coordinates and their argument x µ (see for notations Appendix A). As further shown in Appendix B, the requirement of invariance of the Lagrangian density, Eq. (1), with respect to global phase transformations
leads to a continuity equation ∂ µ J µ = 0 for a conserved Noether current J µ . The latter is given by the following expression
In fact, for n → ∞ the Noether current consists of an infinite sequence of tensors with increasing rank order. Furthermore, each of the different tensors K µσ1σ2··· r in Eq. (9) contains again infinite series terms of higher-order derivatives with respect to the Lagrangian density. They are given by the following expressions
,
. . .
.
The derivation of the energy-momentum tensor proceeds in a similar way, see Appendix B. Now the field arguments are transformed, but not the fields them self. In particular, invariance of the Lagrangian density (1) with respect to a constant displacement δ µ of the coordinates x µ
implies a continuity equation ∂ µ T µν = 0 for the energy-momentum tensor T µν which takes the following form
The 00-component of the energy-momentum tensor describes the energy density and the spatial diagonal components are related to the pressure density. These equations form a background for the construction and application of the NLD formalism presented in the proceeding sections. They will further provide a thermodynamically consistent framework for the calculation of the EoS in mean field approximation in terms of energy and pressure densities.
III. THE NON-LINEAR DERIVATIVE MODEL
In this section we introduce the non-linear derivative (NLD) model and derive the equations of motion for the relevant degrees of freedom. The NLD approach is essentially based on the Lagrangian density of RHD [2] [3] [4] , which is given by
where Ψ = (Ψ p , Ψ n ) T denotes the nucleon spinor field in the Lagrangian density of a Dirac-type. In a spirit of RHD, the interactions between the nucleon fields are described by the exchange of meson fields. These are the scalar σ and vector ω µ mesons in the isoscalar channel, as well as the scalar δ and vector ρ µ mesons in the isovector channel. Their corresponding Lagrangian densities are of the Klein-Gordon and Proca types, respectively. The term U (σ) = 
for the isoscalar and isovector fields, respectively.
In conventional RHD approaches the interaction La-grangian L int is given by [3, 4] 
where
and L σ,ω,ρ,δ int contains the meson-nucleon interactions with coupling strengths g σ,ω,ρ,δ and τ denotes the isospin Pauli operator.
In the NLD model the momentum dependence of fields is realized by the introduction of non-linear derivative operators in the interaction Lagrangian of conventional RHD. These additional operators regulate the high momentum components of the RMF fields in the interaction vertices and can be interpreted as cut-off form factors. This is in spirit of bosonexchange models where the phenomenological cut-off is an indispensable part of any microscopic description of mesonnucleon interaction [28, 29] . In the RMF (Hartree) approximation to RHD only bare Lorentz structures corresponding to the point-like meson-nucleon interactions are taken into account and the high momentum components of fields are not suppressed due to the missing nucleon finite size effect. The NLD model attempts to account for the suppression of the high momentum part of the nucleon field in the mesonnucleon interaction on a field-theoretical level.
The NLD interaction Lagrangians contain the conventional meson-nucleon RHD structures, however, they are extended by the inclusion of non-linear derivative operators into the meson-nucleon vertices. The NLD interaction Lagrangians followed here read
As one can see, the only difference with respect to the conventional RHD interaction Lagrangian is the presence of additional operators − → D , ← − D which serve to regulate the high momentum component of the nucleon field. The hermiticity of the Lagrangian demands
D are assumed to be generic functions of partial derivative operator and supposed to act on the nucleon spinors Ψ and Ψ, respectively. Furthermore, these regulators are assumed to be smooth functions. Therefore, the formal Taylor expansion of the operator functions in terms of partial derivatives generates an infinite series of higher-order derivative terms
The expansion coefficients are given by the partial derivatives of D with respect to the operator arguments − → ξ and ← − ξ around the origin. The operators are defined as
α where the four vector ζ µ = v µ /Λ contains the cutoff Λ and v µ is an auxiliary vector. The functional form of the regulators is constructed such that in the limit Λ → ∞ the following limit holds − → D ( ← − D ) → 1. Therefore, in the limit Λ → ∞ the original RHD Lagrangians are recovered.
In the most general case the NLD formalism can be extended to the case of multiple variable regulators. In particular, we can assume the non-linear operator to be a multivariable non-linear function of higher-order partial derivatives, which are given by the following Taylor expansion
Then Eqs. (25) and (26) can be rearranged into the terms with increasing order with respect to the partial derivatives, see for details Appendix C. The operators ξ i are defined in a similar way as before
with 2, 3, 4) in this case. As we will show latter on, this representation allows to generate any desired form of the regulator function, i.e., momentum and/or energy dependent monopole, dipole etc. functions.
The derivation of the equation of motion for the Dirac field follows the generalized Euler-Lagrange equations, Eq. (7), to the NLD-Lagrangian density using the Taylor form of the regulators. This obviously will generate an infinite number of partial derivative terms in the equations of motions. However, as shown in detail in Appendix D these infinite series can be resummed (up to terms containing the derivatives of the meson fields) to the following Dirac equation
where the selfenergies Σ µ and Σ s are given by
Here both Lorentz-components of the selfenergy, Σ µ and Σ s , show an explicit linear behavior with respect to the meson fields σ, ω µ , ρ µ and δ as in the standard RMF. However, they contain an additional dependence on regulator functions.
The additional terms in Eqs. (29) and (30) containing the meson field derivatives are denoted by multiple dots. All these contributions can be also resummed. However, in the meanfield approximation to infinite nuclear matter, which will be discussed in the next section, these terms vanish. On the other hand, they will be needed in the description of finite systems, such as finite nuclei and heavy-ion collisions. Therefore, for simplicity we do not consider these terms here, and postpone the effect of these terms for future studies.
The derivation of the meson field equations of motion is straightforward, since here one has to use the standard EulerLagrange equations
where now r = σ, ω, ρ and δ. The following Proca and KleinGordon equations are obtained
Finally, we provide the general expressions for the Noether theorems within the NLD formalism. The evaluation of the conserved baryon current results from the application of the generalized expression for J µ , Eq. (9), to the Lagrangian density of the NLD model. As shown in detail in Appendix E, a systematic evaluation of the higher-order field derivatives of the NLD Lagrangian and the resummation procedure result in
The new non-linear derivative operators in Eq. (36), The energy-momentum tensor, T µν , is determined according to Eq. (12). The evaluation procedure, which is similar to that one for the Noether current, results in the following NLD expression for
The first line in Eq. (37) is just the usual kinetic RHD contribution to T µν , while the additional kinetic terms originate from the evaluation of the higher-order derivatives in Eq. (12) . These terms will be important for the the thermodynamic consistency of the model and the validation of the HugenholtzVan Hove theorem [14, 30] . Again the terms not shown in Eqs. (36) and (37) describe the contribution of terms containing the derivatives of the meson fields.
IV. RMF APPROACH TO INFINITE NUCLEAR MATTER
In the mean-field approximation the mesons are treated as classical fields. Infinite nuclear matter is described by a static homogeneous, isotropic, spin and isospin-saturated system of protons and neutrons. In this case, the spatial components of the Lorentz-vector meson fields vanish with ω µ → (ω 0 , 0 ), and in isospin space only the neutral component of the isovector fields survive, i.e., ρ µ → (ρ 0 3 , 0 ) and δ → δ 3 . For simplicity, we denote in the following the third isospin components of the isovector fields as ρ and δ.
The derivation of the RMF equations starts with the usual plane wave ansatz
where i stands for protons (i = p) or neutrons (i = n) and p µ = (E, p ) is a single nucleon 4-momentum. The application of the non-linear derivative operator D to the plane wave ansatz of the spinor fields results in
where the regulators in the r.h.s. of above equation are now functions of the scalar argument ξ = − vαp α Λ . With the help of Eqs. (38) and (39) one gets the Dirac equation similar to Eq. (28) with selfenergies given by
where now τ i = +1 for protons (i = p) and τ i = −1 for neutrons (i = n). We note again that in the RMF approximation to infinite matter the additional terms including the meson field derivatives vanish. This largely simplifies the formalism, since these terms which show up in the original Dirac equation, see Eq. (28), do not appear any more. The solutions of the Dirac equation takes the form
with spin eigenfunctions ϕ s , the in-medium energy
and the Dirac mass
For a given momentum the single particle energy E is obtained from the in-medium on-shell relation
The factor N i is determined from the normalization of the probability distribution, that is d 3 x J 0 = 1. In the conventional RMF models the baryon density is given by the familiar expression J 0 = Ψ † Ψ and the normalization condition
. In the NLD model one has to use Eq. (9) for the Noether current by keeping in mind that the infinite series of meson field derivatives vanish in the RMF approach to nuclear matter. In this case, see again Appendix E for details, the conserved baryon current J µ is resummed up to infinity and the result reads
The 0-component of the Noether current describes the conserved nucleon density ρ B = J 0 , from which also the relation between the Fermi momentum p F and ρ B is uniquely determined. In particular, using the Gordon identity and Eqs. (41) and (42) for the RMF selfenergies, one obtains
where κ = 2 is a spin degeneracy factor, p Fi stands for the proton or neutron Fermi-momentum and the effective momentum is given by
One defines now a new in-medium 4-momentum Π µ i as
and arrives to the following expression
On the other hand, the general definition of the baryon current results from the covariant superposition of all the occupied in-medium on-shell nucleon positive energy states up to the proton or neutron Fermi momentum [7] 
In the NLD approach the mean-field selfenergies depend explicitly on the single-particle momentum p µ . Therefore, using the properties of the δ-function the time-like dp 0 component can be integrated out explicitly. The result reads
Comparing Eq. (52) with the equation for the NLD current, Eq. (50), one gets the following result for the normalization
and the bilinear products between the in-medium spinors of protons and neutrons are given by
Eq. (55) ensures also the proper normalization of the probability distribution, i.e., Ψ † Ψ = 1.
In our first work [25] , where the non-linear derivative model has been proposed, the correction terms proportional to the partial derivatives of the selfenergies with respect to the single-particle momentum p µ in Eq. (49) were not taken into account. Even if their contributions are small at low densities, these terms will be included in the present calculations which attempt to consider also the high density domain of the EoS in neutron stars. On the other hand, the inclusion of these terms is crucial for a fully thermodynamically consistent formalism and is independent of the particular form of the cut-off functions. Note that, the additional cut-off dependent terms in the baryon and energy densities of Ref. [25] are now canceled by the proper normalization conditions.
The energy-momentum tensor in NLD is obtained by applying the Noether theorem for translational invariance. In nuclear matter the resummation procedure results in the following expression
The evaluation of the expectation values in Eq. (56) can be done in a similar way as for the current with the result
Using Eq. (49) one arrives to the final expression for the energy-momentum tensor in the NLD formalism, which can be written in the following form
from which the energy density ε ≡ T 00 and the pressure P can be calculated, i.e.,
Eqs. (59) and (60) look similar as the familiar expressions of the usual RMF models. However, the non-linear effects induced by the regulators show up through the generalized momentum Π µ i and through the dispersion relation for the singleparticle energy E( p ). Note the different form of the generalized momentum, Π µ i , when one chooses energy or momentum dependent cut-off functions. Indeed, in the latter case the spatial derivatives in Π i contribute in the pressure, while for energy-dependent cut-off functions they vanish and Π i = p holds. In any case, the expressions for the energy-density and pressure within the conventional RMF models are recovered by simple replacement Π µ i → p * µ i , which is just equivalent to taking the limiting case Λ → ∞ in the NLD expressions.
Finally, the NLD meson-field equations in the RMF ap-proach to nuclear matter read
Using Eqs. (54) and (55), the evaluation of the source terms of the meson-field equations is straightforward. In particular, the scalar-isoscalar ρ s , vector-isoscalar ρ 0 , vector-isovector ρ I and scalar-isovector ρ IS are given
The meson-field equations of motion show a similar structure as those of the standard RMF approximation. For example, the scalar-isoscalar density ρ s is suppressed with respect to the vector density ρ 0 by the factor m * i /Π 0 i , in a similar way as in the conventional Walecka models [3] . However, the substantial difference between NLD and conventional RMF appears in the source terms which now contain in addition the momentum-dependent regulator D.
V. RESULTS

A. Model parameters
The non-linear derivative operators, D, in the NLD Lagrangian are not constrained from first principles and allows us to consider different functional forms of D. In nuclear matter, these regulators can be chosen as functions of the singleparticle energy or momentum, depending on the choice of the auxiliary multi-dimensional parameters ζ µ i . The available constraints are the bulk properties of nuclear matter and the empirically known energy dependence of the in-medium optical potential. It is also well known [9, 31, 32] that the selfenergies should decrease or saturate as function of baryon density and single-particle 4-momentum. In the NLD model all these features of the relativistic mean-fields can be realized using energy or momentum dependent form factors which regulate the high energy (momentum) behavior of the nucleon 4-momentum.
Various choices of the regulator functions are possible. We have done calculations for different forms of D and found that the simplest momentum dependent monopole form factor provides the best description of the low and high density nuclear matter properties and agrees very well with the empirical momentum dependence of the in-medium Schrödinger-equivalent optical potential. A momentum-dependent cut-off of a monopole form can be obtained by the following choice
with v 
Furthermore, in our fit to bulk properties of nuclear matter we use different cut-off parameters Λ s ≡ Λ σ and Λ v ≡ Λ ω = Λ ρ for the scalar and vector meson-nucleon vertices, respectively, and we neglect in the following the contribution of the δ-meson.
The NLD model contains in total eight parameters. These are the meson-nucleon couplings g σ , g ω and g ρ , the parameters b and c of the selfinteractions of the σ-meson, the mass m σ of the σ-meson, and the cut-offs Λ s and Λ v . In principle, the masses of the ω-and ρ-mesons should be also included in the fit. In all the calculations concerning the fit the results for these two masses turned out to be always around their free values. Therefore, we keep for m ω and m ρ the bare masses. Seven parameters, i.e., g σ , g ω , b and c, Λ s , Λ v and m σ are adjusted to the bulk properties of symmetric nuclear matter and to the empirical energy dependence of the in-medium optical potential. The remaining parameter g ρ is determined by the experimentally known symmetry energy value at saturation density. The constraints in symmetric nuclear matter are the binding energy per nucleon E b ≡ ε/ρ B − m and the compression modulus K = 9ρ
| ρB =ρsat at the ground-state or saturation density ρ sat , and the saturation density ρ sat itself. Furthermore, the momentum dependence is fixed by the optical potential U opt at ground-state density and at two kinetic energies. First, at E kin = 205 MeV (where U opt = 0 MeV) and at E kin = 1000 MeV.
The numerical calculations for the fit procedure have been performed using the Nelder-Mead minimization algorithm NELMIN [33] . Furthermore, an adaptive non-linear leastsquare package NL2SOL [34, 35] has been supplemented in order to test robustness of the fit procedure. The experimental data used in the fit are supplemented by the corresponding errors as provided by the empirical information in Table I . At each iteration step of the minimization routines, the coupled set of the NLD equations has been solved with a Powellhybrid method as provided by the HYBRD routine [36] . The integrals which appear in the source terms of the mesonfield equations have been treated numerically using an adaptive Gauss algorithm. Note that, in the NLD model with the
[ momentum-dependent regulator functions the solution of the dispersion relation for the single particle energy E, Eq. (46), does not involve additional complex root-finding algorithms, because the RMF selfenergies depend on the nucleon momentum p only, and not on the particle energy as in our previous works [23] [24] [25] .
The functional form of the non-linear operator, its regulator (cut-off) in nuclear matter and the fit parameters of the NLD model are shown in Table II. Table I shows the extracted bulk properties of nuclear matter, i.e., the binding energy, the compression modulus, the asymmetry parameter a sym = E sym (ρ sat ) (E sym is the symmetry energy), the slope and curvature parameters, L = 3ρ sat ∂Esym ∂ρB | ρB =ρsat and K asy = K sym −6L (with K sym = 9ρ
| ρB =ρsat being the compressibility of the symmetry energy), respectively, in the NLD model, and in comparison with other RMF models widely used in the literature. These are the NL3 * parametrization [37] , the density dependent (DD) and derivative coupling (D 3 C) models [19, 22] . The bulk nuclear matter properties in the NLD model are comparable with those re- [39] . The calculations refer to isospin-symmetric (α = 0) nuclear matter.
sults in the NL3
* , DD and D 3 C parameterizations, while for the saturation density and the slope and curvature parameters of the symmetry energy the NLD calculation is closer to the empirical data. It is interesting that the NLD results are also comparable and in some cases even better than the DBHF calculations.
As we will discuss later on in more details, the NLD model with the same parameters of Table II describes remarkably well the empirical energy dependence of the Schrödinger-equivalent optical potential. This is not the case in standard RMF approaches, such as the NL3
* and DD models, except if one uses supplementary derivative interactions (D 3 C), however, with the cost of many additional parameters [22] .
B. The NLD equation of state
We start the discussion of the NLD calculations with the density dependence of the relativistic mean-fields. Fig. 1 shows the density dependence of the nucleon selfenergies for isospin-symmetric nuclear matter in the NLD model. Our results are compared also with DBHF calculations, widely used in the literature [39] . It is remarkable that a simple folding of the meson-nucleon couplings g i (i = σ, ω, ρ) with the cut-off function D results in a very similar density dependence of the of NLD selfenergies as compared to the DBHF selfenergies, in particular, for densities above ρ B > 0.3 − 0.4 f m energy per nucleon as function of baryon density for isospinsymmetric (α = 0) and pure neutron matter (α = −1). The isospin-asymmetry parameter α is defined in the usual way
, where J 0 p,n denote the proton and neutron densities, respectively. The momentum-dependent monopole form-factor of the NLD model regulates the high-density dependence of the fields such that the NLD EoS fits very well the DBHF calculations, for both, symmetric nuclear and pure neutron matters. Note that the NLD parameters are not fitted to the calculations of DBHF models, but to the empirical information at ground state density only.
In Fig. 3 the density dependence of the EoS is displayed again, but now we compare the NLD calculation with other RMF models, which have been widely used in studies of finite nuclei and of nuclear matter. Even if all models give similar results for the saturation point of nuclear matter, the differences between the NLD model and the other RMF approaches at densities beyond the ground state are large. In particular, the NL3 * parametrization of Lalazissis et. al. [37] , which is based on the Walecka model with non-linear selfinteractions predicts the stiffest EoS, while the RMF approaches DD and D 3 C with density-dependent meson-nucleon couplings give a softer density behavior at high densities. However, none of these RMF approaches can reproduce the microscopic calculations of the DBHF model at such high densities. In general, the non-linear density dependence of the NLD model, induced by the cut-off form factor, result in a much softer EoS at high densities, and it is in agreement with the DBHF calculations. Note that heavy-ion studies at energies just below the kaon production threshold (E beam ≤ 1 GeV /A) on collective nucleon flows [48] [49] [50] Fig. 2 , but now the NLD model (solid curve) is compared with various RMF calculations. These are the NL3 * parametrization (dashed-dotted-dotted curve) [37] , the density-dependent (DD, dashed curve) and derivative-coupling (D 3 C, dashed-dotted curve) models [19, 22] and the linear Walecka model (RHD, dotted curve) [3] . The DBHF calculations (filled squares) are shown too. All the calculations refer to isospinsymmetric (α = 0) nuclear matter. charged kaons) [51] [52] [53] [54] support a rather soft EoS at densities around ρ B ≃ (2 − 3)ρ sat .
Furthermore, an interesting issue concerns the inclusion of the non-linear selfinteractions of the σ-field in the RMF descriptions. It is well known, that such terms may cause divergences at very high densities, where one intends to study compact neutron stars. Indeed, many RMF approaches such as the NL3 * [37] or the NLρ and NLρδ [55] parameterizations, lead to a non-physical behavior of the σ-field at supra-normal densities. This is not the case in the NLD model, where the non-linear selfinteraction terms of the σ-meson does not cause any divergences of the σ-field even at supra-normal densities. This novel NLD feature arises from the suppression of the scalar sources by the cut-off function D, which in the limiting case of large densities ρ B tend to vanishes.
Another quantity of interest is the symmetry energy. This quantity is important for astrophysical applications, since it directly influences the density dependence of the protonfraction in the neutron star interior. It is extracted as the difference between the EoS's from pure neutron and symmetric matters. Fig. 4 shows the symmetry energy as function of the baryon density in the NLD model, in other RMF models and in the DBHF approach. Note that the NLD results differ from the previous works [23] . This is because now the NLD model consistently includes the renormalization of the spinors. This is essential for the thermodynamic consistency of the formalism, which was not taken into account in Ref. [23] . Furthermore, a different form of the regulator is used here and the parameters of the NLD model are fitted us- Fig. 3 , but now for the symmetry energy Esym as function of baryon density ρB. The additional symbols (diamonds, triangle and circles) around and below the saturation density refer to empirical data [56, 57] .
ing low-density observables at saturation. At first, all models describes fairly well the empirically known region around the saturation density, as it was already shown in Table I . However, the differences between the models become more pronounced with increasing density. The most stiffer symmetry energy is obtained again in the NL3 * and the RHD calculations, because in these cases E sym is just proportional to the ρ-meson, which linearly increases with density. Furthermore, the symmetry energy is considerably softened in the DD and D 3 C approaches, due to the exponentially decreasing density dependence of the ρ-nucleon vertices. On the other hand, the NLD model leads to a softer density behavior of the symmetry energy relative to the standard NL and RHD parametrization but to a stiffer dependence than the density-dependent approaches. It is again an interesting feature that the NLD calculations predict almost perfectly the calculations of the microscopic DBHF calculations [38] .
C. In-medium nucleon optical potentials
Apart the density dependence, which arises from both, the source terms of the meson-field equations and the cut-off functions, the NLD selfenergies depend explicitly on momentum. The momentum (or energy) behavior of the RMF fields is described by the in-medium Schrödinger-equivalent optical potential. This quantity results from the reduction of the Dirac equation and reads [58] 
where the selfenergies S = Σ si (ρ B , p), V = Σ (71) as function of the in-medium single-particle kinetic energy, Eq. (72), within the NLD model (solid curve) and the the RHD [3] approach at saturation density. The symbols (filled circles) refers to the results of the Dirac phenomenology [5, 6] .
momentum | p | = p relative to nuclear matter at rest at a given density ρ B and isospin-asymmetry α. The single-particle energy E is calculated from the in-medium dispersion relation
and the kinetic energy reads E kin = E − m [9, 22, 31] . Here we consider the real part of U opt only, which enters the momentum dependent mean-field dynamics of a nucleon in nuclear matter. The imaginary part, which is beyond the scope of the present work, can be further accounted for in the collision integral within the relativistic transport equation, see for instance Ref. [12] , when applying the NLD approach to the description of heavy-ion collisions. Alternatively, one can use a dispersion theoretical framework to calculate the imaginary part of the optical potential using as an input the real part of the optical potential in the dispersion integral, see Ref. [24] as an example of such approach to the imaginary part of U opt . In this context we would like to note, that the imaginary contributions of the relativistic mean-fields do not influence essentially the real part of the optical potential, see for example Refs. [7, 22] . The reason is, that the imaginary contributions of the selfenergies, as obtained from empirical studies, are of similar magnitude. They enter only through the terms quadratic in the selfenergies in the expression for the real part of the Schrödinger-equivalent optical potential, Eq. (71), and therefore they almost cancel each other. Fig. 5 shows the results of our calculations in comparison with the empirical data extracted from Dirac phenomenology [5, 6] for the in-medium proton optical potential in symmetric (α = 0) nuclear matter at saturation density ρ B = ρ sat . The optical potential saturates with increasing single-particle energy in the NLD model and it is in agreement with the experimental data. The saturation mechanism is induced by the explicit momentum dependence of the cut-off functions, which drop with increasing momentum.
It is a novel feature of the NLD model, that the regulators with a simple momentum-dependent monopole form are sufficient to describe accurately the bulk properties of nuclear matter and at the same time the empirical energy dependence of the optical potential. In fact, this issue has been a long-standing problem in nuclear matter studies, when one attempted to describe heavy-ion reactions within RMF models [59] . As also shown in Fig. 5 , in standard RMF models, such as the widely used NL-parameterizations [37, 60] , which describe excellent the saturation properties and also the properties of finite nuclei, cannot reproduce the correct energy dependence of the optical potential. Moreover, they strongly diverge with increasing energy. Similar conclusions are obtained in the RMF approaches with density-dependent vertex functions [19] , except if one includes additional energydependent terms [22] . Note that, the microscopic DBHF models [9, 31, 32] describe satisfactory the empirical data at low energies bellow the pion production threshold.
For isospin-asymmetric nuclear matter the key quantity is the so-called Lane potential [46, 61] , which is defined as the difference between the neutron and proton optical potentials
Fig. 6 displays the energy dependence of the Lane potential. In contrast to the case of isospin-symmetric matter, empirical information is here less known. The studies from Ref. [46] predict a decrease of the Lane potential with increasing momentum, but other analysis [61] conclude the opposite trend with the result of an increasing Lane potential. The microscopic DBHF calculations predict also a decreasing optical potential, which is in agreement with results of other BHF calculations [62, 63] . Furthermore, the standard RHD model leads to an almost quadratic (or linear in energy) dependence in momentum, just because of the missing momentum dependence in the RHD selfenergies (similar results are obtained in the NL * and DD parameterizations). The NLD calculations predict a weakly decreasing Lane potential, which is in qualitative agreement with the (D)BHF results.
We compare now the NLD results separately in Fig. 7 for both, the in-medium proton optical potential for symmetric nuclear matter and the Lane potential, with the same RMF approaches as in Figs. 3 and 4 . Not only the original linear Walecka model (RHD), but also more modern RMF approaches, such as the non-linear NL3 model in its updated version (NL3 * ) and the density-dependent RMF model (DD) predict an energy dependence, which is not consistent with phenomenology (filled circles). This circumstance was improved in a modified DD model (D 3 C) by the inclusion of terms linearly proportional to the single-particle energy. The NLD model provides here a smoother energy dependence.
The situation for the Lane potential is shown in the insert of Fig. 7 . The interesting issue here is, that not only the standard RMF models (RHD, NL3 * and DD), but also the energydependent RMF approach (D 3 C), show a common behavior in momentum. This is due to the fact that the isovector channel in the D 3 C RMF model does not include any explicit momentum dependence [64] . On the other hand, in the NLD model also the isovector mean-field depends on momentum and predicts a decrease of the Lane potential with increasing momentum. This NLD trend seems to be supported by microscopic DBHF (filled symbols in the insert of Fig. 7) , at least on a qualitative level. 
D. Thermodynamic consistency of NLD model
As showed by Weisskopf [30] in an independent-particle model, the single particle energy at the Fermi surface must be equal the average energy per particle at saturation density. Hugenholtz and Van Hove [14] proved this also for an interacting Fermi gas at zero temperature.
For the thermodynamic consistency of the RMF model it is sufficient to prove Euler's theorem
with the chemical potentials µ i = ∂ε ∂ρB i and the thermodynamic definition of the pressure
The expression in Eq. (74) allow to examine the internal consistency of the model. For this purpose it is sufficient to check the equality between the pressure obtained from the assumption of nuclear matter as a prefect-fluid system and the pressure obtained from the thermodynamic definition. That is
where ε and T ii (i = x, y, z) denote the energy density and the spatial diagonal components of the energy-momentum tensor tensor T µν , respectively. Conventional RMF approaches with bare meson-nucleon couplings or density-dependent meson-nucleon vertices are thermodynamically consistent [4, 21, 60, 65] . However, in the case of explicit energy or momentum-dependent mean-fields the situation is more complex. In fact, as we have examined here, one has to take care of the proper renormalization of the Dirac fields. This issue was not taken into account in previous studies [25] resulting in a deviation between the l.h.s. and r.h.s. of Eq. (76) by ≃ 5 − 10% at high baryon densities.
We have checked that the NLD model presented here satisfies thermodynamic consistency exactly for any kind of energy-or momentum-dependent cut-off form factors. This is demonstrated in Fig. 8 for the monopole form factor, where the pressure as function of density for symmetric nuclear matter (left panel) and pure neutron matter (right panel) are shown. Indeed, the pressures obtained from both definitions of Eq. (76) agree exactly. Furthermore, the chemical potentials at zero temperature are equal to the corresponding Fermi energies of protons and neutrons (not shown here) and therefore Euler's theorem is evidently fulfilled.
We can now consider the high-density behavior of the pressure by comparing our results with available empirical informations. Fig. 9 shows the density dependence of the pressure densities in symmetric matter and pure neutron matter. The conventional RHD approach leads again to a stiff behavior for all the densities. Similar conclusions are drawn for the NL3 * , DD and D 3 C approaches for symmetric matter, where for pure neutron matter the density-dependent models come closer to the empirical HIC data. A more detailed discussion on these approaches can be found in Ref. [66] . The pressure in the NLD model show generally a softer density dependence and agree better with the estimated experimental regions, in par- [73, 74] and from the pulsars PSR J1903+0327 [75] and PSR J1614-2230 [67] , as indicated. The other shaded areas bordered by thick curves indicate parameter space excluded by general relativity, causality (shaded area on the top-left) and rotational constraints (shaded area on the bottom-right) [73, 74] . ticular, at densities up to ρ B ≃ 4ρ sat for the symmetric case and for all densities for pure neutron matter. Note that for larger densities conclusions on the nuclear matter EoS from heavy-ion studies are more ambiguous, because at such high densities (or corresponding beam energies larger than 4 GeV per nucleon) a large fraction of the initial energy is converted into new degrees of freedom [48, 66] .
E. High density observables and Neutron Stars
We test now the high density domain of the NLD equation of state. Compact neutron stars offer such an opportunity to gain deeper insight into compressed baryonic matter. Of particular interest are recent measurements on the binary millisecond pulsar J1614-2230 with a mass of (1.97 ± 0.04) M ⊙ [67] . The latter is much heavier than the average mass of the binary radio pulsars M = 1.35 ± 0.04 M ⊙ [68] and provides a strong constraint on high density EoS. Therefore, we apply the NLD model to spherical, non-rotating stars in β-equilibrium between protons, neutrons and electrons including crustal effects on the EoS [69] . The star structure is calculated by solving the Tolman-Oppenheimer-Volkov (TOV) equation [70] [71] [72] .
The results for neutron stars are shown in Fig. 10 in terms of the mass-radius relation. The various astrophysical measurements of NS masses [73, 74] can be arranged in the three horizontal shaded areas as displayed in Fig. 10 . The low- est band around an average value of 1.44 M ⊙ refer to the well established measurements on double neutron star systems and the middle one around 1.67 M ⊙ on the extracted mass of the pulsar PSR J1903+0327. The band on the top represents by far the highest precisely observed neutron star mass 1.97 ± 0.04 M ⊙ of the pulsar PSR J1614-2230 [67] . There are two regions in Fig. 10 excluded [73, 74] by general relativity, causality (shaded area on the top-left) and rotational constraints (shaded area on the bottom-right).
The neutron stars mass-radius relation in the NLD model is shown by the solid/dotted curve in Fig. 10 . The dotted part of the NLD curve is excluded by rotational constraints. The solid curve crosses the low-mass constraints, and arrives to a maximum neutron star mass of M = 2.03 M ⊙ at a radius of R = 11.07 km and a corresponding central density of ρ c ≃ 7 ρ sat . The NLD prediction for the maximum value of neutron star masses crosses also the constraint provided by the pulsar PSR J1614-2230, and therefore this recent mass measurement is accommodated by the NLD model.
Other possible constraints on the high-density EoS are obtained by statistical Bayesian analyses, which rely on neutron star measurements [26, 27] . They provide the most probable distribution of the equation of state, as shown in Fig. 11 (shaded area) for highly compressed matter in β-equilibrium. The RHD model (not shown in this figure) leads to a too stiff density dependence and it overestimates this empirical region particularly at high densities. The NLD calculations, where only nucleonic degrees of freedom are accounted for, describe fairly well the most probable region of the pressure at high densities. Note again that the parameters of the NLD model have been adjusted just to the saturation properties of nuclear matter and to the energy dependence of the in-medium proton optical potential at saturation, without the consideration of any other high density observables in the fit procedure. We conclude here that the NLD describes well the available lowand also high-density constraints on EoS of nuclear matter and neutron stars.
VI. SUMMARY
In summary, in the present work the generalized form of the energy-momentum tensor in the NLD model was derived which allowed us to consider different forms of the regulator functions in the NLD Lagrangian. The thermodynamic consistency of the NLD model was further demonstrated for arbitrary choice of the regulator functions. A thorough study of the properties of nuclear matter around saturation density has been performed. We have shown that the NLD approach describes well the saturation properties of the nuclear matter and compares remarkably well with microscopic calculations and Dirac phenomenology. We have investigated the high density part of the NLD EoS. This is relevant for the neutron stars in β-equilibrium. We found that the low density constraints imposed on the nuclear matter EoS and by the momentum dependence of the Schrödinger-equivalent optical potential lead to a maximum mass of the neutron stars around M ≃ 2M ⊙ . The latter mass accommodates the observed mass in the J1614-2230 millisecond radio pulsar system. We further studied the EoS of matter in β-equilibrium and find that the high density pressure-density diagram as extracted from astrophysical measurements can be well described in the NLD model which rely on nucleonic degrees of freedom only.
The EoS proposed here can be used in transport theoretical studies of nuclear collisions, since, it describes very well both, the low energy (density) and the high energy (density) regions of the nuclear phase diagram. The model predicts saturation of the optical potential at high energies and results in saturations of the symmetry energy. An interesting finding is that the momentum dependent interaction make the EoS softer at low densities, however, it is still stiff enough at supra-normal densities to account for the recent measurements of the neutron star masses. Furthermore, the model can be applied to the transport description of the anti-nucleon optical potential as well as to the study of dynamics of compressed matter in reactions induced by heavy-ions and anti-proton beams at the future FAIR facility.
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Appendix A: Notations and infinetisemal variations
We use following abbreviations for higher-order partial derivatives
In the following appendices we will need various definitions of infinitesimal variations, which are specified here. The total variation of a field ϕ r (x) with x µ = (x 0 , x ) is defined as
with the variation with respect to the 4-coordinate given by
where δx µ denotes an infinitesimal transformation, e.g., a constant translation, ǫ µ , and/or a rotation, ∆ϑ µν x µ , ϑ µν is an infinitesimal antisymmetric tensor and ∆ϑ µν = −∆ϑ νµ . We define the infinitesimal transformation of the field at a fixed argument as
For the derivation of the Noether theorem we will need not only the infinitesimal variation of a field at fixed argument only, but also of its higher-order derivatives, i.e., δ(∂ α1 ϕ r ), δ(∂ α1α2 ϕ r ), · · · , δ(∂ α1···αn ϕ r ). For such variations the commutation between symbols δ and ∂ is holds, that is
and obviously for higher-order fields. The total variation of a field ϕ r (x) can be written in a more handleable way as
where the first term is just the variation δϕ r at fixed argument. The second term in Eq. (A4) is the variation with respect to the argument. Eq. (A4) reduces in first order to
Appendix B: Derivation of the Noether theorem for higher-order Lagrangians
For the derivation of the Noether theorem we start with the following Lagrangian density
Invariance of the Lagrangian density, (B1), with respect to an infinitesimal transformation of all the fields and their coordinates implies
In terms of the total variation Eq. (B2) results in
. Our goal is to arrive from Eq. (B3) to a continuity equation of the form
with f µ being a conserved current to be determined in the following. We will work out here all the analytical evaluations up to third order in the partial derivatives of the Lagrangian density, and we will give all the terms up to infinity in the final equations.
At first, the total variation of the Lagrangian density, Eq. (B3), can be written as
where we used
µ is a Kronecker symbol. The first line in Eq. (B5) is just the variation of L with respect to the fields ϕ r (r ′ ), ∂ α ϕ r (r ′ ), · · · at fixed argument, whereas the terms in the second line give the variation of the Lagrangian with respect to the argument x µ . Since we consider infinitesimal transformations only, it is sufficient to evaluate latter quantity up to first order with respect to the argument. Therefore, Eq. (B5) can be written as
The variation at fixed argument, δL, can be evaluated in the usual way according
Replacing the first term in Eq. (B7) with the help of the Euler-Lagrange equations of motion, Eq. (7), results in
We use the commutation between the variation at fixed argument and the partial derivative (see appendix A) and apply once the product rule as follows for the term proportional to ∂ α1α2 δϕ
For the term proportional to ∂ α1α2α3 δϕ we apply the product rule twice
and so forth for the terms proportional to higher-order derivatives. In total, this procedure leads to a series of terms proportional to a 4-divergences only. It is more convenient to arrange these terms such to obtain several infinite series for each derivative field δϕ, ∂ α1 δϕ, ∂ α1α2 δϕ, ∂ α1···αn δϕ. After insertion of Eqs. (B9) and (B10) into the Eq. (B8) and after their rearrangement we obtain as an intermediate result
− ∂ α1 ∂L ∂(∂ µ σ1α1 ϕ r ) + · · · + (−) n ∂ α1···αn ∂L ∂(∂ µ σ1 α1···αn ϕ r ) ∂ σ1 δϕ r + ∂L ∂(∂ µ σ1σ2 ϕ r ) + · · · + (−) n ∂ α1···αn ∂L ∂(∂ µ σ1σ2 α1···αn ϕ r ) ∂ σ1σ2 δϕ r . . .
− ∂ α1 ∂L ∂(∂ µ σ1···σn α1 ϕ r ) + · · · + (−) n ∂ α1···αn ∂L ∂(∂ µ σ1···σn α1···αn ϕ r ) ∂ σ1···σn δϕ r .
As next step we replace δϕ r by the total variation, δ T ϕ, and insert the resulting equation into the total variation for the Lagrangian in Eq. (B6). Furthermore, we use
where g . . .
We consider now global phase transformations (ǫ ≪ 1)
and obtain the following relations for global phase transformations δϕ r = − iǫϕ r , ∂ α1 δϕ r = − iǫ∂ α1 ϕ r , ∂ α1α2 δϕ r = − iǫ∂ α1α2 ϕ r , · · · , ∂ α1α2···αn δϕ r = − iǫ∂ α1α2···αn ϕ r . 
This leads to the continuity equation
with the energy-momentum tensor T µν given by In a similar way as above one evaluates the derivatives of the Lagrangian density with respect to the second-order partial derivatives of the Dirac spinors. In this case obviously the second-order derivative terms in Eqs. (C2,C3) are of relevance, and the result reads
With the intermediate results of this appendix we can now derive the relevant equations of the NLD model, i.e., the Diracequation for the spinor field Ψ in Appendix D as well as the conserved Noether current and the energy-momentum tensor in Appendix E. Furthermore, we will perform these derivations up to second order in the higher-order fields and for the isoscalar meson-nucleon interaction Lagrangians only, since the evaluation of higher-order terms and of the other meson-nucleon vertices proceeds in a similar way. We will insert then the remaining terms, i.e., the higher-order derivatives as well as all meson-nucleon contributions in the final expressions.
In the following the terms containing the derivatives of the meson fields are not shown, since, they do not contribute on the mean-field level.
